AC-Stark Shift and Dephasing of a Superconducting Qubit Strongly Coupled
  to a Cavity Field by Schuster, D. I. et al.
ar
X
iv
:c
on
d-
m
at
/0
40
83
67
v1
  [
co
nd
-m
at.
me
s-h
all
]  
16
 A
ug
 20
04
AC-Stark Shift and Dephasing of a Superconducting Qubit
Strongly Coupled to a Cavity Field
D. I. Schuster, A. Wallraff, A. Blais, L. Frunzio, R.-S. Huang,∗ J. Majer, S. M. Girvin, and R. J. Schoelkopf
Departments of Applied Physics and Physics, Yale University, New Haven, CT 06520
(Dated: February 2, 2008, submitted to PRL)
We have spectroscopically measured the energy level separation of a superconducting charge qubit
coupled non-resonantly to a single mode of the electromagnetic field of a superconducting on-chip
resonator. The strong coupling leads to large shifts in the energy levels of both the qubit and the
resonator in this circuit quantum electrodynamics system. The dispersive shift of the resonator
frequency is used to non-destructively determine the qubit state and to map out the dependence
of its energy levels on the bias parameters. The measurement induces an ac-Stark shift of 0.6MHz
per photon in the qubit level separation. Fluctuations in the photon number (shot noise) induce
level fluctuations in the qubit leading to dephasing which is the characteristic back-action of the
measurement. A cross-over from lorentzian to gaussian line shape with increasing measurement
power is observed and theoretically explained. For weak measurement a long intrinsic dephasing
time of T2 > 200 ns of the qubit is found.
We have recently demonstrated that a superconduct-
ing quantum two-level system can be strongly coupled
to a single microwave photon [1]. The strong coupling
between a quantum solid state circuit and an individual
photon, analogous to atomic cavity quantum electrody-
namics (CQED) [2], has previously been envisaged by
many authors, see Ref. 3 and references therein. Our cir-
cuit quantum electrodynamics architecture [3], in which
a superconducting charge qubit, the Cooper pair box [4],
is coupled strongly to a coplanar transmission line res-
onator, has great prospects both for performing quantum
optics experiments [5] in solids and for realizing elements
for quantum information processing [6] with supercon-
ducting circuits [7].
In this letter we present spectroscopic measurements
which demonstrate the non-resonant (dispersive) strong
coupling between a Cooper pair box and a coherent mi-
crowave field in a high quality cavity. The quantum state
of the Cooper pair box is controlled using resonant mi-
crowave radiation and is read out with a dispersive quan-
tum non-demolition (QND) measurement [3, 8, 9]. The
interaction between the Cooper pair box and the mea-
surement field containing n photons on average gives rise
to a large ac-Stark shift of the qubit energy levels, analo-
gous to the one observed in CQED [10]. As a consequence
of the strong coupling, quantum fluctuations in n induce
a broadening of the transition line width, characterizing
the back action of the measurement on the qubit.
In our circuit QED architecture [3], see Fig. 1a, a split
Cooper pair box [4], modelled by the two-level hamilto-
nian Ha = −1/2 (Eel σx + EJ σz) [11], is coupled capaci-
tively to the electromagnetic field of a full wave (l = λ)
transmission line resonator, described by a harmonic os-
cillator hamiltonian Hr = h¯ωr(a
†a+1/2). In the Cooper
pair box, the energy difference Ea = h¯ωa =
√
E2el + E
2
J
between the ground state |↓〉 and the first excited state
|↑〉, see Fig. 1b, is determined by its electrostatic energy
Eel = 4EC(1 − ng) and its Josephson coupling energy
EJ = EJ,max cos (piΦb). Here, EC = e
2/2CΣ ≈ 5.0GHz
is the charging energy given by the total box capacitance
CΣ, ng = C
⋆
gVg/e is the gate charge controlled by the
gate voltage Vg applied through a gate with effective ca-
pacitance C⋆g , and EJ,max ≈ 8.0GHz is the maximum
Josephson coupling energy of the two junctions which is
modulated by applying a flux bias Φb = Φ/Φ0 to the
loop of the split box, see Fig. 1a. Near its resonance fre-
quency ωr = 1/
√
LC ≈ 2pi 6.0GHz, the resonator is ac-
curately modelled as a harmonic oscillator with lumped
inductance L and capacitance C.
In the presence of strong mutual coupling between the
qubit and the resonator [1], their dressed excitation en-
ergies ω˜a and ω˜r, are modified from their bare values ωa
and ωr. For large detuning ∆a,r = ωa − ωr the dressed
energy levels are determined by the Hamiltonian [3]
H ≈ h¯
(
ωr +
g2
∆a,r
σz
)
a†a+
1
2
h¯
(
ωa +
g2
∆a,r
)
σz , (1)
where g/2pi ≈ 5.8MHz is the coupling strength between
a single photon and the qubit [1]. In this non-resonant
case, the dressed resonator frequency ω˜r = ωr ± g2/∆a,r
depends on the qubit state σz = ±1 and the detuning
∆a,r. The qubit state can thus be inferred from the phase
shift φ that a probe microwave transmitted through the
resonator at frequency ωRF experiences due to the inter-
action with the qubit [1, 3]. In Fig. 1c, the phase shift
φ = ± tan−1 (2g2/κ∆a,r), where κ = ωr/Q is the decay
rate of photons from the resonator with quality factor
Q ≈ 104, is plotted versus gate charge ng. φ is maximum
at ng = 1 where the detuning ∆a,r is smallest and falls
off as the detuning is increased with increasing ng. More-
over, φ has opposite signs in the ground |↓〉 and excited
|↑〉 states of the CPB.
Qubit state transitions can be driven by applying an
additional microwave of frequency ωs and power Ps reso-
nant with the qubit (∆s,a = ωs−ω˜a = 0) to the input port
of the resonator, see Fig. 1a. On resonance (∆s,a = 0)
2FIG. 1: (color online) (a) Simplified circuit diagram of mea-
surement setup. The phase φ and amplitude T of a microwave
at ωRF transmitted through the resonator, amplified and
mixed down to an intermediate frequency ωIF = ωRF − ωLO
using a local oscillator at ωLO is measured. An additional
spectroscopy microwave at ωs is applied to the input port of
the resonator. (b) Ground |↓〉 and excited |↑〉 state energy
levels of CPB vs. gate charge ng. (c) Calculated phase shift
φ in ground and exited state vs. ng for ∆a,r/2pi = 100MHz.
and for a continuous (cw) large amplitude spectroscopy
drive, the qubit transition saturates and the population
in the exited and ground state approaches 1/2. In this
case, the measured phase shift of the probe beam at ωRF
is expected to saturate at φ = 0, see Fig. 1c. By sweep-
ing the spectroscopy frequency ωs vs. the gate charge ng
and continuously measuring φ we have mapped out the
energy level separation ω˜a of the qubit, see Fig. 2. In
the lower panel of Fig. 2a, the measured phase shift φ is
shown for the non-resonant case, where ωs < ω˜a for all
values of gate charge ng. The measured phase shift is, as
expected, a continuous curve similar to the one shown in
Fig. 1c. In the middle panel of Fig. 2a, the spectroscopy
microwave at νs = ωs/2pi = 6.15GHz is in resonance
with the qubit at ng = 1, populating the excited state
and thus inducing a dip in the measured phase shift φ
around ng = 1, as expected. Note that, as predicted
[3], our measurement scheme has the advantage of being
most sensitive at charge degeneracy, a bias point where
traditional electrometry, using a radio frequency single
electron transistor (rf-SET) [12] for example, is unable
to distinguish the qubit states.
When νs is increased to higher values, resonance with
the qubit occurs for two values of ng situated symmet-
rically around ng = 1, leading to two symmetric dips
in φ, see upper panel of Fig. 2a. From the [ng, νs] po-
sitions of the spectroscopic lines in the measured phase
φ, the Josephson energy EJ = 6.2GHz and the charging
energy EC = 4.8GHz are determined in a fit using the
full qubit Hamiltonian [11], see density plot of φ vs. ng
FIG. 2: (color online) (a) Probe microwave phase shift φ vs.
gate charge ng at spectroscopy frequency νs = 6.125GHz
(lower panel), 6.15GHz (middle panel) and 6.2GHz (upper
panel). (b) Density plot of φ vs. ng and νs, white (black)
corresponds to large (small) phase shift. Horizontal arrows
indicate line cuts shown in (a), vertical arrows indicate line
cuts shown in Fig. 3a.
and νs in Fig. 2b. In this experiment the flux bias Φb has
been chosen to result in a minimum detuning of about
∆r,a/2pi ≈ 100MHz at ng = 1. The tunability of EJ
(i.e. the detuning at charge degeneracy) has been demon-
strated previously [1]. It is also worth noting, that the
spectroscopy frequency ωs typically remains strongly de-
tuned (∆s,r = ωs−ωr > 2pi 100MHz) from the resonator,
such that a large fraction of the spectroscopy photons are
reflected at the input port and only a small number ns,
determined by the lorentzian line shape of the resonator,
populates the resonator.
Various other radio or microwave frequency qubit read-
out schemes have been developed recently [12, 13, 14].
In particular in a closely related experiment, the level
separation of a split Cooper pair box coupled inductively
to a low frequency, moderate Q tank circuit has been
determined spectroscopically [15].
The width and the saturation level of the spectroscopic
lines discussed above depend sensitively on the power
Ps of the spectroscopic drive. Both quantities can be
extracted from the excited state population
P↑ = 1− P↓ = 1
2
nsω
2
vacT1T2
1 + (T2∆s,01)
2
+ nsω2vacT1T2
, (2)
found from the Bloch equations in steady state [16],
where ωvac = 2g is the vacuum Rabi frequency, ns the
average number of spectroscopy photons in the resonator,
T1 the relaxation time and T2 the dephasing time of the
qubit. We have extracted the transition line width and
saturation from spectroscopy frequency scans for differ-
ent drive powers Ps with the qubit biased at charge de-
generacy (ng = 1). We observe that the spectroscopic
lines have a lorentzian line shape, see Fig. 3a, with width
3FIG. 3: (color online) Measured spectroscopic lines (blue
lines) at (a) intra resonator photon number n ≈ 1 (PRF =
−30 dBm) with fit to lorentzian line shape (solid line) and at
(b) n ≈ 40 (PRF = −16 dBm) with fit to gaussian line shape
(solid line). Dashed lines are best fits to (a) gaussian or (b)
lorentzian line shapes, respectively. The qubit transition fre-
quency νa at low PRF, the half width half max δνHWHM and
the ac-Stark shift νac of the lines are indicated.
and depth in accordance with Eq. (2). The half width
at half max (HWHM) of the line is shown to follow
the expected power dependence 2piδνHWHM = 1/T
′
2 =√
1/T 22 + nsω
2
vacT1/T2 [16], where the input microwave
power Ps is proportional to nsω
2
vac, see Fig. 4a. In the low
power limit (nsω
2
vac → 0), the unbroadened line width is
found to be small δνHWHM ≈ 750 kHz, corresponding to
a long dephasing time of T2 > 200 ns at ng = 1, where
the qubit is maximally protected from 1/f charge fluctua-
tions. At larger drive, the width increases proportionally
to the drive amplitude. The depth of the spectroscopic
dip at resonance (∆s,a = 0) reflects the probability of the
qubit to be in the excited state P↑ and depends on Ps as
predicted by Eq. (2), see Fig. 4b. At low drive the popu-
lation increases linearly with Ps and then approaches 0.5
for large Ps.
In the above we have demonstrated that the strong
coupling of the qubit to the radiation field modifies the
resonator transition frequency in a way that can be ex-
ploited to measure the qubit state. Correspondingly, the
resonator acts back onto the qubit through their mutual
strong coupling. Regrouping the terms of the hamilto-
nian in Eq. (1) one sees that the dressed qubit level sep-
aration is given by ω˜a = ωa+2ng
2/∆a,r+g
2/∆a,r, where
we note that the resonator gives rise to an ac-Stark shift
of ±ng2/∆a,r, proportional to the intra-resonator photon
number n = 〈a†a〉, as well as a Lamb shift ±g2/2∆a,r,
due to the coupling to the vacuum fluctuations, of the
qubit levels. The ac-Stark shift is observed in a measure-
ment in which we perform spectroscopy at ng = 1 for
fixed spectroscopy power Ps and vary the probe beam
power PRF, to change the average number n of measure-
ment photons in the resonator, see Fig. 5a. As expected,
it is observed that the qubit level separation ν˜a = ω˜a/2pi
is linear in PRF, i.e. the ac-Stark shift νac = 2ng
2/2pi∆a,r
FIG. 4: (color online) (a) Measured qubit line width δνHWHM
vs. input spectroscopy power Ps (solid circles) with fit (solid
line). Probe beam power PRF is adjusted such that n < 1. (b)
Measured peak depth φ and excited state population proba-
bility P↑ on resonance ∆s,01 = 0 vs. Ps (solid circles) with fit
(solid line).
being linear in the photon number n is observed. In the
limit of PRF → 0 (n→ 0), the bare qubit level separation
ωa+g
2/∆a,r = 2pi 6.15GHz is determined, where g
2/∆a,r
is the small Lamb shift which can not be separated from
ωa in our current experiments. Knowing the coupling
constant g from an independent measurement of the vac-
uum Rabi mode splitting [1] and having determined ∆a,r
from spectroscopic measurements in the n→ 0 limit, the
dependence of the intra-resonator photon number n on
the input power PRF is determined from the measured ac-
Stark shift νac. We find that an input microwave power of
PRF = −31 dBm corresponds to n = 1 which is consistent
with an intended attenuation of approximately 105 dB in
the input coaxial line. The ac-Stark shift of the qubit at
this particular detuning is a remarkable 0.6MHz per pho-
ton in the cavity and is comparable to the line width. Us-
ing this method, the intra-resonator photon number was
accurately calibrated for the vacuum Rabi mode splitting
measurements presented in Ref. 1.
Quantum fluctuations (photon shot noise) δn around
the average photon number n of the coherent field pop-
ulating the resonator give rise to random fluctuations
in the qubit transition frequency due to the ac-Stark
shift. This leads to measurement induced dephasing, and
thus, to a broadening of the qubit line width, see Figs. 3
and 5. This is the measurement back action and can
be understood quantitatively by considering the relative
phase ϕ(t) = 2g2/∆a,r
∫ t
0 dt
′δn(t′) accumulated in time
between the ground and excited state of the qubit. Fol-
lowing Ref. 3, the measurement-induced phase decay of
the qubit is then characterized by
〈eiϕ(t)〉 = exp
[
− 2g
4
∆2a,r
∫∫ t
0
dt1dt2〈δn(t1)δn(t2)〉
]
(3)
where the fluctuations δn are assumed to be gaussian.
In the above expression, the photon correlation function
〈δn(t)δn(0)〉 = n exp (−κ |t| /2) of the coherent probe
4FIG. 5: (color online) (a) Measured qubit level separation
ν˜a and fit (solid line) vs. input microwave probe power PRF.
The ac-stark shift νac and the intra-resonator photon number
n extracted from the fit are also indicated. (b) Measure-
ment broadened qubit line width δνHWHM vs. n. The corre-
sponding total dephasing time Tϕ = 1/2piδνHWHM as reduced
by the measurement is also indicated. The fit (solid line) is
obtained from Eq. (4) with a spectroscopy power broadened
T ′2 ≈ 105 ns.
beam in the resonator is governed by the cavity decay
rate κ and physically represents the white photon shot
noise filtered by the cavity response. The spectroscopic
line shape S(ω) is obtained from the Fourier transform
of 〈exp[iϕ(t)]〉e−t/T ′2 where 1/T ′2 takes into account de-
phasing mechanisms independent of the measurement
S(ω) =
1
pi
∞∑
j=0
(−4χ)j
j!
1/T ′2 + 2κχ+ jκ/2
(ω − ω˜a)2 +
(
1
T ′
2
+ 2κχ+ jκ2
)2 .
(4)
The form of the line shape depends on the dimension-
less parameter χ = nθ20 where θ0 = 2g
2/κ∆a,r is the
transmission phase shift describing the strength of the
measurement. For small χ the measurement rate is slow
compared to κ and the phase diffuses in a random walk
〈ϕ(t)2〉 ∼ 4θ20nκt leading to a homogeneously broadened
lorentzian line of HWHM of 2θ20nκ+ 1/T
′
2. For large χ,
i.e. strong measurement, the measurement rate exceeds κ
leading to a qubit transition frequency which depends on
the instantaneous value of the cavity photon number and
hence an inhomogeneously broadened gaussian line, see
Fig. 3b, whose variance is simply
√
n multiplied by the
Stark shift per photon. The full cross-over from intrinsic
lorentzian lineshape with width ∝ n at small n to gaus-
sian lineshape with width ∝ √n at large n as described
by Eq. (4) is in excellent agreement with the measured
dependence of the line width on n, see Fig. 5b.
In our experiments we have demonstrated that the
strong coupling of a Cooper pair box to a non-resonant
microwave field in a on-chip cavity gives rise to a large
qubit dependent shift in the excitation energy of the res-
onator. This is used to perform a QND measurement
of the qubit. In the qubit, the ac-Stark effect shifts the
qubit level separation by about one line width per pho-
ton and the back-action of the fluctuations in the field
gives rise to a large broadening of the qubit line.
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